Static solutions of white dwarfs with spherical symmetry and local anisotropy are studied in the post-Newtonian approximation. It is argued that the condition for equilibrium must be that the total energy is a minimum for given baryon number and the question whether there is local isotropy or anisotropy inside the star should follow from that condition, rather than be postulated "a priori". It is shown show that, in post-Newtonian gravity, there are stable configurations with local anisotropy for masses above the Chandrasekhar limit.
INTRODUCTION
It is well known that both Newtonian gravity and general relativity allow spherically symmetric solutions with local anisotropy and that anisotropy may have an important effect on the stability [1] . Einstein himself considered in 1939 a model with local anisotropy, consisting of a spherical cluster of particles each moving in a circle, and concluded that "the essential result of this investigation is a clear understanding as to why the `Scwartzchild singularitiesd o not exist in physical reality" [2] . (It is ironic that the same year Oppenheimer and Snyder [3] published the first calculation demostrating the formation of a black hole, and Einstein´s paper was cast into oblivion).
In more recent times, local isotropy has been the common assumption in studies of stellar evolution. Nevertheless, different scenarios have been proposed which incorporate local anisotropy into the modelling of stellar objects, e.g. pion condensation, phase transitions, boson stars and crystalization in white dwarfs, among others (see [1] and references therein). A standard assumption in these approaches is that the departure from local isotropy is caused by the equation of state of the matter forming the star being essentially anisotropic. In this paper we shall make a different assumption, namely that anisotropy may be produced by a dynamical effect of the gravitational field itself even if the equation of state of the fluid forming the star is isotropic in free space.
We shall argue that the condition of equilibrium of white dwarfs is that the total energy of the star is a minimum for given number of baryons. We shall show that local anisotropy is a straightforward consequence of this general condition in the case of massive white dwarfs. We consider only Newtonian and post-Newtonian approximations, leaving for the future the study of stars where the gravitational field must be treated using general relativity.
NEWTONIAN WHITE DWARFS WITH LOCAL ANISOTROPY
A white dwarf consists of a plasma of protons, heavier nuclei (mainly helium) and electrons. We shall assume that the chemical composition of the plasma is homogeneous throughout the star. The temperature of the plasma inside the star may be taken as zero Kelvin (this is because the quantum zeropoint energy of the electrons is much greater than the thermal energy of the plasma, see e.g. Ref. 4) . As a consequence the star is, to a good approximation, an isolated physical system at zero temperature and the standard condition for stable equilibrium holds, namely the total energy should be a minimum for given baryon number (or, in Newtonian gravity, minimum energy for a given mass, because mass is proportional to baryon number in this case). We should not impose additional constraints. In particular we must not assume "a priori" that the pressure is isotropic at every point inside the star, but the general condition of equilibrium (minimal energy) is what will determine whether the pressure is isotropic or not.
In Newtonian gravity the statement of the problem is straightforward.
We must find the ground state of a quantum system with Hamiltonian
where i, j label two arbitrary constituent particles (nuclei and/or electrons). Z j e (m j , p j ) is the charge (mass, momentum) of particle j , and G (c) is Newton´s constant (the velocity of light). In the Hamiltonian (2.1) we have ignored magnetic interactions, electron-positron pair creation and the possibility of neutronization (the reaction of an electron and a proton to give a neutron and a neutrino). To a good approximation magnetic interactions and pair creation may be neglected. In contrast, neutronization may be relevant in some cases [4] but we shall ignore it for the sake of simplicity ( we shall comment on it in section 7).
The ground state of the Hamiltonian (2.1) cannot be found without making some approximations. An obvious one derives from the weakness and long range character of the gravitational field (the electrostatic interaction is effectively short ranged because atractions and repulsions cancel each other at a long distance). Hence it follows that the typical distance where the gravitational field changes inside the star is many orders of magnitude greater than the de Broglie wavelength of the constituent particles. This allows us to rewrite the Hamiltonian (2.1) approximating the last term in the form
where Φ( r j ) is the gravitational potential at r j and Ψ the wavefunction of the plasma. Our problem is now to find the ground state of a plasma in a given external potential Φ, but constrained by the consistency requirement that Φ is the potential created by the plasma itself. So stated the problem is still formidable because it involves the full machinery of quantum many body theory, but there is a good enough approximation which is described in the following.
We may consider that the particles are independent, except for some averaged electrostatic interaction. As the velocity of nuclei is much smaller than that of the electrons, we may treat them as being at rest. Furthermore, we may replace the nuclei by a jellium of positive charge so that the net charge is zero, which is a standard approximation for a plasma at zero temperature. After that the plasma becomes a degenerate electron gas immersed in a background of positive charge. Such a gas is fully characterized by the size and form of the Fermi surface at every point of space. In fact, from it we may obtain all functions of position needed to solve the problem of minimizing the energy insuring gravitational equilibrium (i.e. the fulfillement of the second eq.(2.2) ).
These functions are: the electron density, n, the energy density, u, and the stress tensor, p ij , which we get as follows (we shall use Planck units G = c = h = 1 from now on): has been reduced to the problem of finding the size and form of the Fermi surface at every point inside the star in such a way that: 1) gravitational (hysrostatic) equilibrium exists at any point, and 2) the total energy of the star is a minimum for given total baryon number. In Newtonian gravity the hydrostatic condition for equilibrium is (we do not assume isotropic pressure although we do not exclude this possibility) dp r / dr + 2 In the present paper we shall consider only the case of small anisotropy, that is small deformation of the Fermi surface with respect to a sphere (the calculation in the general case is more involved and will be made elsewhere).
Thus the Fermi surface may be characterized by just two functions of the radius, and we may write the mass density, ρ 0 , the energy density, u, the radial pressure, p r . and the transverse pressure, p t , in terms of those two functions using eqs.(2.2) and (2.3) as is explained in the next section. After that we shall be able to find the functions ρ 0 (r), u(r), p r (r) and p t (r), fulfilling the hydrostatic equilibrium eq.(2.4) and making E a minimum for given M, eqs.(2.6). The practical procedure to do that is described in section 4.
It is interesting to point out that eq.(2.4) would become the conventional equation of hydrostatic equilibrium if we were assuming isotropic pressure, that is dp / dr = -m ρ 0 / r 2 , p = p t = p r . (2.7)
In this case both requirements, the energy E ( eq.(2.6)) being a minimum and the hydrostatic equilibrium (eq.(2.7) ) are equivalent conditions. However, if
we do not assume local isotropy "a priori", the hydrostatic equilibrium ( now given by eq.(2.4)) and the minimal energy are independent conditions and both should hold.
ANISOTROPIC DEGENERATE ELECTRON GAS.
As said above, we shall take the electrons as noninteracting particles, although corrections to this simple model are well known. In a degenerate electron gas, anisotropy appears if the Fermi sphere of the electrons is deformed. If the deformation is small we may write
where θ is the angle with respect to a given direction (the radial direction in the case of a star), P 2 (z) is a Legendre polynomial and y is a parameter measuring the fractional anisotropy. In (3.1) a dipole term is excluded in order that there is no net electric current at any point, but higher multipoles of even order should be introduced if the anisotropy were not small.
From (3.1) it is easy to get the number density of electrons (compare
The energy per electron, u, or the energy density, nu, may be also obtained easily. We have
where m e is the electron mass and we have introduced the new variables
The calculation of (3.3) is straightforward using the expansion
We get
where we have introduced the functions
Similarly, we may obtain the radial and transverse pressures p r = (2π 2 )
-1 It is not difficult to check that p is related to the electron density, n, and the energy per electron, u, by a standard thermodynamic relation which, in the case of anisotropy, should be written
It is convenient to replace the anisotropy parameter y by another one x: 
where v stands here for (3π 2 n) 1/3 /m e . In particular, in the nonrelativistic (v<<1) and ultrarelativistic (v>>1) regimes we have
Hence, the mean pressure, p, may be obtained from (3.12) and, taking (3.13)
into account, the radial and transverse pressures are given by Consequently we shall write
where the constants K, K´and K" may be obtained from (3.14) and (2. (3.18)
In a homogeneous gas without external forces, the positivity of the anisotropy correction (term with x 2 in eq.(3.17)) implies that the minimal energy density for given density of particles corresponds to x=0, that is local isotropy. But we claim that the condition of minimal energy is the only cause why the proton-electron plasma at zero temperature is isotropic in free space.
As is very well known the Fermi surface of the electron gas may be deformed by electrostatic fields (e.g. in metals) and the gas pressure is no longer isotropic. We think that there is no reason to postulate that it cannot be deformed also by the gravitational field, a postulate nevertheless made in conventional teatments of relativistic stars.
NEWTONIAN EQUILIBRIUM WITH LOCAL ANISOTROPY
After the results of the two previous sections, the theory of Newtonian white dwarfs is straightforward. (If the mass is low enough the star behaves like a polytrope with γ = 5/3, the equilibrium state corresponding to isotropic pressure [5] , but here we shall be concerned with the more interesting case of high mass stars, whose equation of state is given by (3.18).) In the conventional treatment [4] it is postulated that p r = p t , so that the problem reduces to solving eq.(2.7) (see the last paragraph of section 2). In practice a variational method is used in which a one-parameter family of configurations is selected with the star approximated by a polytrope. That is, we change variables: We begin by analyzing more closely the hydrostatic equilibrium eq. 
This is an exact equation (within Newtonian gravity) but it is not closed. In fact, it is an integro-differential equation because p depends on x (see (3.18)).
Fixed the function ρ 0 (r), eq.(4.6) gives the unique solution of (4.5) which is regular at the origin ( it begins with x = a r 2 + b r 4 + ... ). We also need that x is regular at the star surface, where the pressure vanishes. An obvious necessary condition is that the integral of the right hand side of (4.6) goes to zero when r→R, R being the star radius. This gives, after an integration by parts, We may avoid the calculation of the last integral using the virial theorem (4.7).
In fact, performing the integrals in (4.7), except the one involving p A , we get On the other hand, a comparison of (3.17) and (3.18) shows that u A ρ = p A , which allows us to get, from (4.9) and (4.10)
where E I is given by (4.2). For any mass above the Chandrasekhar limit (4.4), the inequality (4.10) (i. e. E ≥ E I ) is obviously fulfilled (remember that A, B
and C are positive), but the energy (4.11) has no minimum for finite ρ c , it always decreases with increasing central density. This means that there are no equilibrium configurations with anisotropic pressure and the star is unstable against collapse. However, if the mass is below the limit (4.4), the minimum of (4.11) compatible with (4.10) corresponds to the density (4.3) and the equality sign E = E I , that is local isotropy. We see that our method agrees with the conventional one in this case, and we predict stable equilibrium with ρ c given by (4.3) below the Chandrasekhar limit (4.4).
We must point out that both our calculation (leading to (4.11)) and the conventional one (leading to (4.2)) rest upon variational approximations, i.e. minimizing the energy only within a restricted family of configurations. But our accuracy is superior because we select a family of exact solutions of the hydrostatic equilibrium eq.(2.4), whilst the conventional treatment selects a family of approximate solutions. Consequently, above the Chandrasekhar limit our treatment is more correct. But below that limit, where we do not find equilibrium configurations with local anisotropy, the conventional treatment provides probably a good approximation. Although rigorous results (for some results see Ref. 5 ) and/or more exact (numerical) calculations would be wellcome, we may conclude that allowing for local anisotropy in Newtonian white dwarfs gives essentially no new result. For any mass below the limit (4.4) the equilibrium configuration is locally isotropic, and there are no equilibrium configurations with mass above that limit. Newtonian gravity predicts the collapse of white dwarfs with mass above the Chandrasekhar limit.
In the next two sections we show that the conclusion changes dramatically in post-Newtonian gravity. As is well known, in order to solve the hydrostatic equilibrium eq. (5.3) we need, in addition to boundary conditions, a relation between ρ, p r and p t .
LOCAL ANISOTROPY IN POST-NEWTONIAN APPROXIMATION
This should be obtained from the equation of state which, in general relativity, is usually written in the form of a relation between the energy (or mass) density, ρ(r), and the number density of baryons. In the study of white dwarfs in post-Newtonian (PN) approximation it is more convenient to use the mass density ρ 0 (2.5) rather than the baryon density. The total energy (or mass) density will be
where u is given by (3.17).
In PN approximation the hydrostatic equilibrium may be obtained from ∫ o r e I(r´) r´3dr´[dp/dr´+ mρ /r´2+m p/r´2+4πr´ρ p +2 m
where, in the final expression for x(r), we have neglected terms of second order, to be consistent with the PN approximation, and performed several integrations by parts. The condition that x is finite at the star surface leads, after an integration by parts, to the virial theorem in the PN approximation with local anisotropy: where, as usual, we have neglected terms of second order. The condition of equilibrium with local anisotropy is that the energy E (5.11) is a minimum for fixed M (5.10) amongst configurations fulfilling the hydrostatic equilibrium eq.
(5.6). The practical procedure is described in the next section.
WHITE DWARFS WITH LOCAL ANISOTROPY IN PN THEORY
We summarize the conventional theory (i.e. postulating local isotropy from the very beginning) of white dwarfs in the PN approximation [4] . We should evaluate (5.11), using the expression for u given in which is very close to the Chandrasekhar limit (4.4).
We pass to the theory with allowance for local anisotropy. We should select ρ 0 (r) as in (4.1) and get x(r) from (5.7). The energy is obtained adding to E I (6.2) the integral of the last term of (2.17), but we may simplify a lot the calculation by subtracting (5.8) from (5.11). This gives, after some algebra, We see that, for stars with the same A (i.e. the same chemical composition [4] ) the central density decreases with increasing mass above the Chandrasekhar limit. The radius also increases but more slowly than the mass, so that the gravitational red shift at the surface, M/R, increases with mass.
DISCUSSION
I propose that equilibrium of a star requires that: 1) the general relativistic equation of hydrostatic equilibrium, eq.(5.3), is fulfilled, and 2) the total energy is a minimum, for a given number of baryons, with respect to two possible variations. The first is the spatial distribution of matter, given in spherical symmetry by the function ρ(r). The second is the distribution of linear momentum at every point in the interior of the star, given by x(r) in our approach. We remember that both the mass and the linear momentum contribute to gravity in the general theory of relativity. In the standard treatments the variations of the second kind are not allowed, that is local isotropy is imposed as an unjustified postulate.
I have shown that there are equilibrium configurations of white dwarfs above the Chandrasekhar limit. Furthermore the equilibrium corresponds to a minimum of the energy with respect to neighbour configurations, which will
give stable equilibrium if we assume that in any slow oscillation of the star, eq.(5.3) holds approximately at all times. The question whether there is also stability against rapid oscillations should be investigated more thoroughly. The central density predicted for the high mass white dwarfs with local anisotropy is smaller than the central density of stars with mass close to the Chandrasekhar limit, but it should require a more detailed study the question whether that density is low enough to make the stars stable against neutronization. If the answer were in the affirmative there might exist stars with several solar masses sustained by the pressure of the degenerate electron gas. If these stars have become cold enough that they do not radiate, they could contribute to the missing mass in galaxies.
Our study involved essentially two approximations: post-Newtonian gravity and small local anisotropy. This has constrained us to deal with white dwarfs having masses close to the Chandrasekhar limit. For masses much higher a numerical solution of the exact equilibrium equation (5.3) would be necessary in order to know whether there are locally anisotropic equilibrium configurations.
The theory of equilibrium with local anisotropy here developped may be applied to other systems of astrophysical interest. Supermassive stars with local anisotropy are studied elsewhere [7] . A numerical study of neutron stars with local anisotropy would be also interesting. Finally I shall comment on the implications of the theory for main sequence stars, in particular the Sun.
The standard model of the Sun involves the "a priori" asssumption of isotropic pressure at every point [8] . But it might exist a model of the Sun with local anisotropy which is more stable than the standard model and still is compatible with all structure equations plus the observational data of mass, radius, luminosity, etc. If this is the case, the results of the present paper suggest that such a locally anisotropic model would have a smaller central density and, therefore, smaller central temperature. This would lead to a reduced production rate of 7 Be and 8 B neutrinos without changing the production of p-p neutrinos. In this way, allowing for a local anisotropy in the Sun might solve the solar neutrino problem.
